A method is proposed to experimentally determine principal modes for mode division multiplexing in a multimode optical fiber, i.e., increasing optical fiber information capacity via higher-order transverse eigenmodes. Principal modes are a special linear combination of eigenmodes that do not exhibit mode dispersion up to first order in frequency. This method is based on an SU (N ) representation of mode dispersion whereby the generators of the corresponding SU (N ) Lie algebra, i.e., generalized Gell-Mann matrices, predict higher-order Stokes parameters which can be used to measure principal modes at the optical fiber input and output. Applications of the SU (N ) representation to decoherence free subspaces for single photon entanglement in higher-dimensional Hilbert spaces is discussed.
Optical fibers are the backbone of the modern and future communication infrastructure for both classical and quantum information [? ? ]. Continuous and exponentially growing demand on optical fiber information capacity is exhausting state of the art methods to maintain information capacity levels, the most prominent being the use of light's wavelength degree of freedom whereby each wavelength serves as an additional information channel, i.e., wavelength division multiplexing (WDM). Corresponding Shannon information capacity limits are directly linked to a conflict between WDM and inherent optical fiber non-linearities [? ] . Therefore, the prevention of an impending information "bottleneck" will require new methods to increase information capacity. One potential method is the exploitation of light's unused spatial degree of freedom via higher-order transverse modes which span a complete, orthogonal, and high-dimensional Hilbert space [? ? ]. Using each optical fiber eigenmode as an additional information channel is referred to as mode division multiplexing (MDM) and can potentially increase information capacity in an amount proportional to the number of modes used [? ] .
One of the greatest problems in MDM is mode dispersion [? ] . Mode dispersion is the extension of polarization mode dispersion in a single mode optical fiber to the higher-order eigenmodes of a multimode optical fiber. In MDM a light signal launched at the optical fiber input as an eigenmode will exhibit random power transfer back and forth between eigenmodes, i.e., mode coupling, due to imperfections in fabrication and environmental perturbation such as twisting, bending, and changing temperature. As dictated by Maxwell's vector wave equation each eigenmode has a different propagation constant [? ] . This, in concert with mode coupling, causes group velocity dispersion at the optical fiber output and in turn detrimental signal errors.
Remarkably, there exist certain linear combinations of eigenmodes, referred to as principal modes, that when launched at the optical fiber input do not exhibit mode dispersion up to first order in frequency ω [? ] . Principal modes are a direct extension of principal states of polarization in a single mode optical fiber to the higher-order eigenmodes of a multimode optical fiber. Ideally, using principal modes in place of eigenmodes for MDM can circumvent the problem of mode dispersion. The challenge lies in determining the correct linear combination of eigenmodes to experimentally generated and detect principal modes.
In this work, a method is proposed to experimentally determine principal modes for MDM. This method is based on an SU (N ) representation of mode dispersion whereby the generators of the corresponding SU (N ) Lie algebra, i.e., generalized Gell-Mann matrices, predict higher-order Stokes parameters which can be used to measure principal modes at the optical fiber input and output. Applications of the SU (N ) representation to decoherence free subspaces for single photon entanglement in higher-dimensional Hilbert spaces is discussed.
A multimode optical fiber supporting the propagation of N eigenmodes can be represented by theÛ an N × N unitary Jones matrix (ÛÛ † =Î). A single eigenmode or linear combination thereof at the optical fiber input can be represented by s⟩ an N ×1 Jones vector. The transformation of s⟩ byÛ is given by t⟩ = exp(ıφ o )Û s⟩ where φ o is a common phase and t⟩ is an N ×1 vector representing a different linear combination of eigenmodes at the optical fiber output. There exist m s ⟩, i.e., a special linear combination of optical fiber eigenmodes, that when launched at the optical fiber input do not exhibit mode dispersion up to first order in ω. m s ⟩ are referred to as input principal modes and are eigenstates of the Hermitian operator −ıÛ †Û ω (Û ω = ∂ ωÛ ) referred to as the mode dispersion operator, i.e., −ıÛ †Û
The transformation of m s ⟩ byÛ is given by m t ⟩ = exp(ıφ o )Û m s ⟩; m t ⟩ are referred to as output principal modes. MDM with principal modes would involve launching a light signal as m s ⟩ at the optical fiber input and detecting m t ⟩ at the output. The problem lies in determining the correct linear combination of optical fiber eigenmodes with which to experimentally generate and detect m s ⟩ and m t ⟩, respectively, which in turn requires experimentally determining −ıÛ †Û ω andÛ . Polarization mode dispersion and the experimental determination of principal states of polarization in a single mode optical fiber is well understood [? ] . In this case N = 2 and −ıU †Û ω is a 2 × 2 Hermitian matrix. By merely exploiting its dimensionality and Hermiticity −ıU †Û ω can be mathematically represented by the group SU (2) and therefore expanded by generators of the corresponding Lie algebra, e.g. the three Paul matrices, given by −ıÛ †Û ω = ∑ 3 i=1 τ iσi where τ i are the coefficients of the expansion and ⃗ σ = {σ 1 ,σ 2 ,σ 3 }:
The benefit of the SU (2) representation of −ıÛ †Û ω is in its ability to connect the Pauli matrices of Eq. 1 to Stokes parameters. As m s ⟩ is an eigenstate of −ıÛ †Û ω its eigenvalue equation is expressed in terms of the expansion by
to as the polarization mode dispersion vector ; the components of ⃗ τ s , i.e., the Stokes parameters, are the coefficients of the expansion. Therefore, −ıÛ †Û ω can be determined by experimentally measuring these Stokes parameters. Due to polarization mode dispersion a light signal in an arbitrary state s⟩ at the input of an optical fiber exhibits a mean signal time delay at the output given by the equation: [? ] :
whereŝ = ⟨s ⃗ σ s⟩ = {s 1 , s 2 , s 3 } is the Stokes vector of s⟩. Experimentally measuring the Stokes parameters can be accomplished by measuring mean signal time delays at the optical fiber output for given input statesŝ. Let's closely examine Eq. 2, specifically the inner product ⃗ τ s ⋅m s . Whenŝ is aligned to one of the Stokes parameters of ⃗ τ s the mean signal time delay measured at the optical fiber output is the value of that Stokes parameter. In general, each pair of eigenstates of each Pauli matrix corresponds to each of the Stokes parameters [? ] . Launching a light signal at the optical fiber input as one of the eigenstates ofσ 1 ,σ 2 , orσ 3 which are horizontal/vertical, diagonal/anti-diagonal, or right/left circular polarization, i.e., s 1 = ±1, s 2 = ±1, s 3 = ±1, will result in a mean time delay at the output that is the value of τ 1 , τ 2 , or τ 3 , respectively. As can be seen the SU (2) representation of −ıU †Û ω , via the Stokes parameters, organizes a relationship between launch conditions at the optical fiber input and measurable mean signal time delays at the optical fiber output from which the principal states of polarization can be determined.
This idea can be extended to a multimode optical fiber with N modes where −ıÛ †Û ω is an N × N Hermitian matrix. Again, by merely exploiting its dimensionality and Hermiticity the operator −ıU †Û ω can be mathematically represented by the group SU (N ) and therefore expanded by generators of the corresponding Lie algebra. The Lie algebra for SU (N ) , T M 01 , T E 01 } are referred to as the LP 01 and LP 11 mode groups, respectively. To a good approximation coupling between mode groups is much less than coupling between the modes within each group [? ] . Mathematically this means −ıÛ †Û ω can be block diagonalized and is given by −ıÛ †Û ω =LP 01 ⊕LP 11 . The first block diagonal matrixLP 01 is a 2 × 2 Hermitian matrix corresponding to the N=2 modes of the LP 01 mode group and can be represented by the group SU (2) as described above. The second black diagonal matrixLP 11 is a 4 × 4 Hermitian matrix corresponding to the N=4 modes of the LP 11 mode group and can be represented by the group SU (4). The basis vectors forLP 11 in terms of the HE o 21 , HE e 21 , T M 01 , and T E 01 eigenmodes are:
LP 11 can be expanded by the 15 generators of the corresponding SU (4) Lie Algebra given byLP 11 = ∑ . (4) The benefit of the SU (4) representation ofLP 11 is in its ability to connect the generalized Gell-Mann matrices of Eq. 4 to Stokes parameters for the HE o
21
, HE e 21 , T M 01 , and T E 01 eigenmodes which have been referred to as higher-order Stokes parameters [? ? ]. As m s ⟩ is an eigenstate ofLP 11 its eigenvalue equation can be expressed in terms of the expansion given by
.., τ 15 } referred to as the mode dispersion vector ; the components of ⃗ τ s , i.e., the higher-order Stokes parameters, are the coefficients of the expansion. Therefore,LP 11 can be determined by experimentally measuring these higherorder Stokes parameters. Following Eq. 2, experimentally measuring the higher-order Stokes parameters can be accomplished by measuring mean signal time delays at the optical fiber output for given input statesŝ wherê s = ⟨s ⃗ λ s⟩ = {s 1 , ..., s 15 } is the higher-order Stokes vector of s⟩. As compared to a single mode optic fiber, in this case, each pair of eigenstates of each generalized Gell-Mann matrix corresponds to each of the higherorder Stokes parameters. Let's closely examine the eigenstates of the generalized Gell-Mann matrices of Eq. 6 using the basis vectors of Eq. 4. Embedded within are the more conventional Gell-Mann matrices associated with the group SU (3). In fact, within SU (4) there are two SU (3) subgroups. In turn, within each SU (3) subgroup there are three SU (2) subgroups the first being {λ 1 , λ 2 , λ 3 } whose eigenstates are linear combinations of T M 01 ⟩ and T E 01 ⟩. The eigenstates ofλ 1 are T M 01 ⟩ and T E 01 ⟩ themselves which are referred to as radial and azimuthal polarization, respectively [? ] . The eigenstates ofλ 2 are T M 01 ⟩ + T E 01 ⟩ and T M 01 ⟩ − T E 01 ⟩ which are referred to as spiral polarization [? ] . The eigenstates ofλ 3 are T M 01 ⟩ + ı T E 01 ⟩ and T M 01 ⟩ − ı T E 01 ⟩ which are right/left circular polarized optical vortices, i.e. angular momentum eigenstates of light [? ? ]. The eigenstates for the remaining Gell-Mann matrices of Eq. 4 are summarized in Table 1 . The eigenstates of λ 5 and λ 7 are are referred to as hybrid vector polarization [? ?
]. The eigenstates for λ 4 , λ 6 , and λ 8 are linear polarized LP 11 modes of various linear polarization and mode rotation. The eigenstates of the remaining 7 generalized Gell-Mann matrices not shown in Eq. 5 can be found in a similar way. Launching a light signal at the optical fiber input as one of the eigenstates ofλ 1 , ...,λ 15 , i.e., s 1 = ±1, ..., s 15 = ±1, will result in a mean time delay at the output that when measured is the value of τ 1 , ..., τ 15 , respectively. As can be see the SU (4) representation of LP 11 , via the higher-order Stokes parameters, organizes a relationship between launch conditions at the optical fiber input and measurable mean signal time delays at the optical fiber output from which principal modes can be determined. A similar pairwise measurement method for N × N systems of higher-order modes has recently been demonstrated [? ] .
Knowing Principal states of polarization in single mode optical fibers are associated with decoherence free subspaces for single photons entangled in polarization [? ] . Principal modes may be associated with decoherence free subspaces in a higher dimensional Hilbert space for higher-order eigenmodes [? ] . In comparison, other methods to circumvent mode dispersion which correct mode dispersion after the data is received, such as a technique borrowed from radio communication referred to as MIMO, may be incompatible with entanglement based quantum information protocols [? ] .
